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, n,k, p ∈ N0
in terms of Fibonacci and Lucas sequences, where the initial values x( j)−k,x
( j)





j = 1,2, . . . ,2p+1, do not equal -3. Some theoretical explanations related to the representation
for the general solution are also given.
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1. INTRODUCTION
The seniority, richness and the appreciable flexibility of use, have allowed dif-
ference equations to be an attractive subject in recent times among researchers and
scientists from different disciplines. Difference equations and system of difference
equations have been applied in diverse mathematical models in biology, economics,
genetics, population dynamics, medicine, and other fields (see [4, 8, 17]).
Solving system of difference equations in closed-form has attracted the attention
of many authors, (see, for example [1–3, 5–7, 9–16, 18, 21–23] and the references
therein).
It is a well-known fact that the Fibonacci sequence defined as follows
Fn+1 = Fn +Fn−1, n ∈ N, (1.1)
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= αr, n,r ∈ N. (1.4)
Also, the Lucas sequence has the same recursive relationship as the Fibonacci se-
quence,
Ln+1 = Ln +Ln−1, n ∈ N, (1.5)
but with different initial conditions, L0 = 2 and L1 = 1. The first few terms of the
recurrence sequence are 2,1,3,4,7,11,18,29,47,76, . . .. The Binet’s formula for this
recurrence sequence can easily be obtained and is given by
Ln = αn +βn, (1.6)





= αr, n,r ∈ N. (1.7)
Khelifa et al. in [19] gave some theoretical explanations related to the representa-











, n,k ∈ N0. (1.8)
Motivated by the paper [19], we represents the well-defined solutions of the system




, n,k, p ∈ N0, j = 1,2, . . . ,2p+1. (1.9)
Clearly if take p = 1 in the system (1.9) we get the system (1.8). So our results
generalizes the results obtained in [19].
2. ON THE SYSTEM OF FIRST ORDER DIFFERENCE EQUATIONS (2.1)
In this section, to give a closed form for the well defined solutions of the system







, . . . , x(2p+1)n+1 =
1+2x(1)n
3+ x(1)n
, n, p ∈ N0.
(2.1)
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( j)xn = x(2p+1)n+ j, n ∈ N0 (2.3)
where j ∈ {0,1,2, · · · ,2p}.




, n ∈ N (2.4)
for each j ∈ {0,1,2, · · · ,2p}.




n ∈ N0. (2.5)




(wn−L2p+2) , n ∈ N0 (2.6)




, n ∈ N0. (2.7)
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n=0 . The obtained formula will be very useful to get the
formula of the solutions of system (1.9).
Lemma 1. Consider the linear difference equation
zn+1−5F2p+1zn +5zn−1 = 0, n ∈ N0, (2.8)































5F(2p+1)n, if n even,




n=0is the Fibonacci sequence and (Ln)
+∞
n=0 is the Lucas sequence.
Proof. As it is well-known, the equation
zn+1−5F2p+1zn +5zn−1 = 0, n ∈ N0,
(the homogeneous linear second order difference equation with constant coefficients),
where z0,z−1 ∈R, is usually solved by using the characteristic roots λ1 and λ2 of the











and the formula of general solution is
xn = c1λn1 + c2λ
n
2.














































































































































The lemma is proved. 





which reduces equation (2.7) to the following one
zn+1 = 5F2p+1zn−5zn−1. (2.13)













5F(2p+1)n, if n even,




n=0 is the Fibonacci sequence and (Ln)
+∞
n=0 is the Lucas sequence.
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From all above mentioned the following theorem holds.
Theorem 1. Let {yn}n≥0 b a well-defined solution of the equation (2.5). Then, for












n=0 is the Lucas sequence and (Fn)
+∞
n=0 is the Fibonacci sequence.

































































































By using (2.3) the following corollary is easily obtained from Theorem (1).









where j ∈ {0,1, . . . ,2p}, (Ln)+∞n=0 is the Lucas sequence and (Fn)
+∞
n=0 is the Fibonacci
sequence.










be a well-defined solution of (2.1).
Then, for n≥ 2p
x(q)2(2p+1)n+ j =
































with j ∈ {1,3, . . . ,2p+1}, q ∈ {1,2, . . . ,2p+1}, (Ln)+∞n=0 is the Lucas sequence and
(Fn)
+∞










be a well-defined solution of system (2.1),

















n≥ 2p, j ∈ {0,1, . . . ,2p}.


















Using (2.19) and the equalities
Fm = Fj+1Fm− j +FjFm−( j+1), j ∈ 2N,m ∈ N, (2.20)
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0 (F2(2p+1)n+ j+2F2(2p+1)n+( j−1))
(3F2(2p+1)n+( j+1)+F2(2p+1)n+ j)+x
( j+1)






0 (2L(2p+1)(2n+1)+( j−1)+L(2p+1)(2n+1)+ j)
(3L(2p+1)(2n+1)+( j+1)+L(2p+1)(2n+1)+ j)+x
( j+1)
0 (2L(2p+1)(2n+1)+ j+L(2p+1)(2n+1)+( j+1))
.




















































with j ∈ {1,3, . . . ,2p+1}.







, i = 2,3, . . . ,2p,
we obtain
x(q)2(2p+1)n+ j =
































with j ∈ {1,3, . . . ,2p+1}. 
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3. ON THE SYSTEM OF HIGHER ORDER DIFFERENCE EQUATIONS (1.9)
In this section, we discuss the form of system (1.9) which generalizes (2.1) in a
graceful way. We establish the solution of the system (1.9) by using an appropriate
transformation reducing this system to the system of first-order difference equations
(2.1).
3.1. Analysis of the form of system (1.9)
The initial values with the smallest indexes are x(1)−k ,x
(2)





using (1.9) with n = 0, we obtain the values of x(1)1 ,x
(2)
















After known the values of x(1)1 ,x
(2)




1 , by using (1.9) with n= k+1
we get the values of x(1)k+2,x
(2)















The values of x(1)k+2,x
(2)




k+2 , by using (1.9) with n = 2k+ 2, leads
us to obtain the values of x(1)2k+3,x
(2)
































In the same way, it is shown that the initial values x(1)−r ,x
(2)





a fixed r ∈ {0,1, . . . ,k}, determine all the values of the sequences (x(1)(k+1)(m+1)−r)m,
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3.2. A representation of the general solution to system (1.9)
Now we are going to apply the previous analysis. Let
(r)x(q)n = x(k+1)n−r, (3.3)
where r ∈ {0,1, . . . ,k}. and q ∈ {1,2, . . . ,(2p+1)}.












for each r ∈ {0,1, . . . ,k}.















n∈N0 , r = 0,k, are (2p+1)(k+1) solutions to system (2.1) with the initial
values (r)x(1)0 ,
(r)x(2)0 , . . . ,
(r)x(2p)0 and
(r)x(2p+1)0 , r = 0,k, respectively.
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with j ∈ {1,3, . . . ,2p+1}.
For each q ∈ {1,2, . . . ,2p+ 1}, r ∈ {1,2, . . . ,k}, (Ln)+∞n=0 is the Lucas sequence
and (Fn)
+∞
n=0 is the Fibonacci sequence.











be a solution of (1.9). Then, for


































where j ∈ {1,3, . . . ,2p+ 1}, q ∈ {1,2, . . . ,2p+ 1}, r ∈ {1,2, . . . ,k}, (Ln)+∞n=0 is the
Lucas sequence and (Fn)
+∞
n=0 is the Fibonacci sequence.
4. GLOBAL STABILITY OF POSITIVE SOLUTIONS OF (1.9)
In this section we study the global stability character of the solutions of system




x(1),x(2), . . . ,x(2p+1)
)
= (−β,−β, . . . ,−β) ,
where β is the number defined in (1.3).
Let Ii(0,+∞) and consider the functions
fi : Ik+11 × I
k+1















1 , . . . ,u
(2)












with i ∈ {1,2, . . . ,2p+1}.
Theorem 2. The equilibrium point E is locally asymptotically stable.
Proof. The linearized system about the equilibrium point
E = (−β, . . . ,−β,−β, . . . ,−β) ∈ Ik+11 × I
k+1















n−1, . . . ,x
(2)












0 0 . . . 0 0 . . . 0 5
(3−β)2 . . . . . . 0 0 . . . 0















. . . 0 . . . . . . 0 0 . . . 5
(3−β)2
...
... 0 1 0
...
...
0 . . . 0 5
(3−β)2 0 0 . . . . . . 0
0 0 0 0






. . . 0 0
0 0 . . . 0 0 0 . . . . . . . . . 0 0 1 0

.
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Now, consider the two functions defined by







|φ(λ)|< |ϕ(λ)| ,∀λ : |λ|= 1
So, according to Rouche’s Theorem ϕ and P=ϕ+φ have the same number of zeros in
the unit disc |λ|< 1, and since ϕ admits as root λ = 0 of multiplicity (2p+1)(k+1),
then all the roots of P are in the disc |λ| < 1. Thus, the equilibrium point is locally
asymptotically stable. 




for each q ∈ {1,2, . . . ,2p+1}.






F2(2p+1)n+2(2p+1)+ j + x
(q+ j)
−r F2(2p+1)n+2(2p+1)+( j−1)
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The following result is a direct consequence of Theorems (2) and (3).
Corollary 4. The equilibrium point E is globally asymptotically stable.
4.1. Numerical confirmation
In order to verify our theoretical results we consider several interesting numerical
examples in this section. These examples represent different types of qualitative
behaviour of solutions of the system (1.9). All plots in this section are drawn with
Matlab.

















, n ∈ N0.
(4.3)
Assume x(1)−1 = 1, x
(1)
0 = 7, x
(2)
−1 = 1.3, x
(2)
0 = 0.3, x
(3)
−1 = 3, x
(3)
0 = 1.5, x
(4)
−1 = 14,
x(4)0 = 2, x
(5)
−1 = 3 and x
(5)
0 = 0.1. (See Figure (1)).























, n ∈ N0.
(4.4)

















































−1 = 1.6 and x
(7)
0 = 8. ( See Figure (2)).
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FIGURE 1. The plot of system (4.3)































FIGURE 2. The plot of system (4.4)
5. CONCLUSIONS
In the paper, we represented the well-defined solutions of the system (1.9) com-
posed by 2p+ 1 rational difference equations. More exactly, We gave general solu-
tions of system (1.9) in terms of Fibonacci and Lucas sequences. Also, we presented
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some results about the general behavior of solutions of system (1.9) and some numer-
ical examples are carried out to support the analysis results. Our system generalized
the systems studied in [18] and [19].









, n,m, p,k ∈ N0, j = 1, p,
where (Ln)
+∞
n=0 is the Lucas sequence.
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